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Abstract 



Let 'Hn,k{'^) be the space of degree n > I holomorphic maps from a compact Rie- 
mann surface S to CP''. In the case S = S*^ and n = 1, the L^ metric on 'Hi^k{S'^) was 
computed exactly by Speight. In this paper, the Ricci curvature tensor and the scalar 
, curvature on are determined explicitly for k > 2. An exact direct computation 

' of the Einstein-Hilbert action with respect to the L^ metric on T-Li^kiS"^) is made and 

shown to coincide with a formula conjectured by Baptista. 

^ ■ 1 Introduction 

ff^ ' Let S be a compact Riemann surface equipped with a Riemannian metric g and let h be 

. the Fubini-Study metric on CP^. Let (/> be a holomorphic map from S to CP^ of de gree 

' n > 1 defined as 

m 
O 

Cn ■ n= (t)*ujQ, (1) 



>< 



E 



where ujq is the normalized Kahler form with respect to h. Consider the space of degree n 
holomorphic maps S ^ CP'^, denoted 'Hn,k{^)- There is a natural Riemannian metric on 
^ , 'Hn,k(^) defined by the metrics g and h on S and CP'^ as 

Jl^{X,Y) = l^h{X,Y)Yolg, (2) 

for X,Y £ T^-HnA^) C r(0*rCP'=). This is called the metric on ^„,fc(S). 

In the physics literature, the degree n holomorphic map (p is regarded as a CP'' lump of 
charge n on S, that is, a degree n minimal energy static solution of the field equations of the 
CP'^ model on S. Hence, the degree n moduli space Mn of the CP'' model on S is 'Hn,ki^)- 
The low energy dynamics of CP'' lumps is conjecturally approximated by geodesic motion 
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on A4n with respect to the metric [5l [71 [10]. A precise version of this conjecture is 
proved for S = and n > 2 by Speight in [9]. 

With respect to the metric, Baptista [1] has given conjectural formulae for the volume 
and the Einstein-Hilbert action of provided S has genus g < n/2, 

Vol(W,a-(E),7t2) =^-^^^^Uvo\i-E.g)y\ (3) 
. Mi±il!tz^i±i(,v„l(E,,))'"", (4) 

where m = {k + l)(?i + 1 — g) + g— 1 and Vol{T,,g) is the volume of S. This conjecture is 
based on a singular limit relating the CP^ model on S with a gauged sigma model whose 
fields take values in C'^^^ [1]. More precisely, a one parameter family of metrics on the 
n-vortex moduli space, which is a compact Kahler manifold, are conjectured to converge, 
in a certain limit, to the metric on 'Hn,k{'^)- Such convergence has recently been estab- 
lished rigorously by Lui [6] in the sense of Cheeger-Gromov, that is on each open set is some 
locally finite open cover of 'Hn,kiX')- This convergence does not directly imply Baptista's 
conjectured formulae for the volume and the Einstein-Hilbert action of 'Hn,k{'^), however. 

In the case n = 1 and E = 5*^, Speight [71 [8] has determined an explicit formula for the 
metric on Hi^kiS"^)-, c'-nd then computed the volume of 'Hi^k{S'^) for k > 2 finding agreement 
with the conjectural formula ([3]). In this paper, an explicit formula for the Ricci curvature 
tensor, and then the scalar curvature on (T-Li^k{S'^),^L^) have been determined for k > 2, by 
exploiting the Kahler property of the metric. The Einstein-Hilbert action of Hi^kiS"^) 
with respect to the metric is computed for k > 2 confirming the formula 1^. 



2 Degree 1 Holomorphic Maps 5^ — > CP^ 

This section reviews the geometric structure of T-Li^h{S'^) introduced in [8]. Let be the 
2-sphere equipped with the standard round metric and let be a degree 1 holomorphic map 
5^ — )■ CP^. Introducing homogeneous coordinates {zq,zi) on CP^ = 5^, then such degree 
1 map has the form 

4){[zQ,zi]) = [ao^o + &o^i, • • -^akZQ + hkZi], (5) 

where (oq, . . . , Ofc) and (fto, • • • , ^fc) are linearly independent in C'^"'"^. Since the elements 
(^oo, C^Oi • • • ) C^ife) C^fc) S C^'^^^, where ^ G C^, determine the same holomorphic map (j), 
then there is an open inclusion T-Li^kiS"^) CP'^^'^^ which is used to equip T-Li^kiS"^) with a 
topology, differentiable and complex structures. 

The isometry groups U{2) and U{k + 1) of CP^ and CP^ respectively build an isometric 
action of G = U{k + 1) x [/ (2) on T-Li^kiS"^), that is, (/> —t- (72 o o cT]^ where ai and a2 are 
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isometries of C-P^ and CP^ . Generically, each orbit of G on Tii^i^^S^) is a real codimension 
1 submanifold of Tii^kiS"^) and has a unique element cj)^ given by 

4>fM{[zo,zi]) = [nzo,zi,0,...,0], n>l. (6) 

An exceptional orbit of real codimension 3 occurs when /i = 1. This action decomposes 
T~Li,k{S'^) into a one parameter family of orbits parametrized by G [1, oo). For /U > 1, the 
isotropy group of the orbit of 0^ is 

K=|(|^0 :a,/3,5GM,[/G[/(/c-l)}. (7) 

By the Orbit-Stabilizer Theorem, each orbit is diffeomorphic to G/K. 

Now, let g and t denote the Lie algebras of G and K respectively and (,) be the Ad{G) 
invariant inner product on g, 

((Ml, mi), (M2, ma)) = -^(trMiMa + trmimz), (8) 
where Mi G u(/c + 1) and mi G u(2). The tangent space of 'Hi^k{S'^) at 4>^ is 

V;.:=T^„Hi,fc(52) = (|-)©p, (9) 

where p is the the orthogonal complement of € in g with respect to (, ). The space p can be 
decomposed into Ad{K) invariant subspaces 

p = Poep^ep^©pep, (lo) 

where po is a 1 real-dimensional space, p^, p^ are 1-complex dimensional subspaces depend- 
ing on ;U, and p and p are {k — 1) complex dimensional subspaces. The definitions of these 
subspaces are included in the Appendix. It was shown in [8] that 

Proposition 1. Let j be a G invariant Kdhler metric on Hi^kiS"^)- Then, for k > 2, ^ is 
uniquely determined by the one parameter family of symmetric bilinear forms : xV^ ^ 
M given by 

= Ao{fi)dfi'^ + 8f?Ao{fi){,)p, + Aiifi) (,)p^+A2(^)(,)p^+^3(/u) (,)p+^4(^) (,)p, (11) 

where Aq, . . . ,A4 are smooth positive functions of ^ defined by a single function A{fi) and 
a positive constant B as follows 



Aoifi) = ^ A'ip), 



As{fi) = B + 



Aif,) 



m2 _ 1 



A^ifi) = B 



A{i^) 



(12) 
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and (,)p. denote the induced inner products of {,) on the Ad{K) invariant subspaces, given 
in (T^). 



For the metric 7^2 on ^i^(5^), the function A{fi) and the constant B are 

167r /i4-4/i2log^- 1 Svr 

Al'^W = r-o TT2 ' -0^2 = , {16) 

C\C2 (/i^ - 1)^ C1C2 

where ci and C2 are the constant holomorphic sectional curvatures of g and h respectively. 
Another G invariant Kahler metric on 7ii^k{S'^) is the induced metric defined by the in- 
clusion Hi^kiS^) ^ Cp2fc+i, where CP^^+i 

is given the Fubini-Study metric (of constant 
holomorphic sectional curvature c, say). We call this the Fubini-Study metric on 7^1^.(5'^), 
denoted 7f5- It is determined by 



^Fsif^) = - ^r^TT-^^ Bps = 7. (14) 



4 _ 1 2 

— 2~rT' ~ ~- 

c /i^ -|- 1 c 

The volume form of a G invariant Kahler metric 7, determined as in (jlip by the function 
A{iJ,) and the constant B, on T-Li^kiS"^) is 

vol-y = V{^) dfi A volc/^, (15) 

where 

y(^.) = ^yl2(^i?2-_j A' if,), (16) 

and volg-//^ is the volume form of G/K with respect to the inner product (,), defined in 
([8]). It was shown that for k >2, every G invariant Kahler metric 7 on Hi k^S"^) has finite 
volume [8]. In fact, if lim^^oo ■^{^^) = 25, this volume is 

Vol(^,,(5^),7) = ^^(25)^'=+^|^ Vol(G/i^) = (17) 
where Vol(G/i^) is the volume of G/K with respect to (, ). 



3 Ricci Curvature Tensor 

With respect to any G invariant Kahler metric 7, determined as in Proposition [H on 
'Hi^fc(S'^), we determine an explicit formula for the Ricci curvature tensor p as follows 

Proposition 2. Lei 7 he aG invariant Kahler metric onT-Li^k{S'^)> determined as in ill]) by 
the function A{fi) and the constant B. Then, the Ricci curvature tensor p on ('Hi^fe(S'^), 7) 
with k > 2 is uniquely determined by the one parameter family of symmetric bilinear forms 
Pii ■■ X ^ R, given by 



p^ = Codp^ + Sp^Coi, )p„ + Clip) (, >p. + C2{p){, )p, + C^ip) (, )p + C^ip) (, )p, (18) 
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where Co, . . . , C4 are smooth functions of ^, determined as in [W\). by the function C{n) 
and the constant D given by 



Ca.) = 4(fc + l)4-|-2/.^, D = 2{k + 1), (19) 

/i^ + 1 Fill) 



where 



Proof: The Ricci curvature tensor p on ('Hi^fc(«S'^), 7) is a G invariant symmetric (0,2) 
tensor which is Hermitian and its associated 2-form p = p{J., .) is closed. Hence, p has 
the same structure as 7, that is, it is uniquely determined by the one parameter family 
of symmetric bilinear forms : x — )• M, given as in (jlip . Since the coefficients 
Co, . . . , C4 are defined as in (fT2|) by a single function C{fi) and a constant D, then we only 
need to determine C{p) and D. By Proposition [H we have 

C{fi) = Gsip) - Cifi), D = ^[Csip) + C4(/i)]. (21) 

To compute C(/i) and D, we need first an orthonormal basis for p with respect to the inner 
product (, )p. We shall use the orthonormal basis {Yi, Yj,Yj : i = 0, . . . , 4, j = 1, . . . , 2A; — 2} 
introduced in [8]. The structure of this basis is included in the Appendix. Hence, the 
functions C3 and C4 can be given, for example, by 



C3 = Pf,{Yi,Yi) = -Pf.{JY2,Yi) = p^,{Yi,%), 

C4 = p^,{Yl,Yl) = -p^{J%,Yi) = p^,{Yi,Y2). (22) 

Now, the volume form, given in (jlSp . of any G invariant Kahler metric 7 on 'Hi,fc(5'^) can 
be written as 

vol^ = F{p) vol^^g, (23) 

where 

Hence, the Ricci form p with respect to 7 is [2], 

p = PFS- iddf, f{p) := log F{p), (25) 

where pps is the Ricci form with respect to 7_fs, d : 0^^''^) — )• r2(*'+-^'''\ and B : Q^P'^^ — )• 
are the partial exterior derivatives on the space of (p,g)-forms on Ui^uiS^). 

Using (I25|) in ([221), we have 
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C{^,) = p^Psi^l,%)-p^p,{Y^,Y2)-i[{^^f)^{Y^,%) - {ddf)^{%,Y2)l 

= Cpsifi) -i[{ddf)^{Y,,Y2) - {ddf)^{Yi,Y2)], (26) 

and 

2D = p^^s(^i,Y2) + p^^siY,,Y2) - i[{ddf)ip){Y,,Y2) + {ddf){p)iYuY2)], 

= 2Dfs - i[{ddf)^{Yi,Y2) + {ddf)^{Yi,Y2)]. (27) 

Since {Hi^k{S'^))lFs) is a {2k + 1) complex dimensional Kahler-Einstein manifold, then [1] 

PFS = c{k + l) UJFS, (28) 
where LOps is the Kahler form of ^fs- Hence, the function Cfs{p) aiid the constant Dfs 



are 



C^5(^*) = c(A: + l) A^5 = 4(/c + 1)^-4' DFs = c{k + l)BFs = 'i{k + l). (29) 



It remains to compute (c?(9/)^(Yi, I2) and ((99/)^(yi, 12)- Let ^0 = —Yq/{2\/2 p), then the 
Hermiticity of 7 implies that J^o = —d/dp, and so, 

(J*d/x)(eo) = d^K>/eo) = dp{--^) = -1, (30) 

where J* is the induced almost complex structure on V^. This means that r/o = — J* dp is 
the covector of that is, ?7o(Co) = 1- The exterior derivative of / is 

df = l f'ip) [{dp + ivo) + {dp - ivo)] = \ f{p) [{dp - Wdp) + {dp + iTdp)]. (31) 
This implies that the (l,0)-part df and the (0, l)-part Bf of the 1-form df are 

df = \ f'{p) {dp + im), df = ^ f'{p) {dp - ivo). (32) 
Since d = d + B and B^ = 0, then 

Bdf = ddf = -\f"{p) dp Am- \f'{^^)dm. (33) 
where dr/o is a 2-form on T-Li^k{S'^) given for any vector fields X, Y on '}ii^i^{S'^) by 

dm{x,Y) = x[m{Y)] - Y[m{x)] - m{[x,Y]). (34) 

Let ^1)^2 be the extension of Yi and Y2 as Killing vector fields on T-Li^k{S'^). Then, from 
(ESI) and (IMl), we have 
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(35) 



The Lie bracket of Killing vector fields on T-ti^kiS"^) can be defined by the Lie algebra bracket 
[ , ]g of as follows |3] 



where Pp is the projection of 3 to p. Since 



Yi = {-Ei3 + Esi,0), Y2=i{Ei3 + E3i,0), 
as in the Appendix. Then, we have 



(36) 



(37) 



[Yi,Y2]s = -2i(^i3^31 - ^31^^13,0), 

= -^(2^11 -2^33,0), 
i 



^(S-Eii + £^22 — 2-E33, eii — 622) + 2^^^^ ~ ^^^2' ^^2-'' 
-^{3Eii + E22 - 2^33, en - 622) + ^^o, 



(38) 



where E^/^ and e^^ denote (A; + 1) x {k + 1) and 2x2 matrices respectively whose element 
(a, /3) is 1, and the others being zero. Since the element i(3i?ii +£"22 — 2£'33, en —622)/'^ £ ^5 
then it vanishes under Pp, and so 



[6,6 



V2 



Yn. 



Substituting ([39]) in ([35]) . we get 



Similarly, one can find that 



{ddf)^{Yi,Y2) = ifif'{fi). 



(55/)^(Yl,F2) = -^/i/'(/i). 



(39) 



(40) 



(41) 



Substituting ([29]), ([M]) and ([H]) in ([26]) and ([27]), we obtain the function C{n) and the 
constant D as in (jl9p . 

□ 



4 Scalar Curvature 

An orthonormal basis for (V^,7^) can be defined as follows [8], 



7 



X 



x-, 



Xi 



1 



d_ 

' Y., 



^4^ 



Xn 



Xo 



Xa 



X, 



Yn 



_Y2±JJY4_ 

fiY2 + n 



y„ J = l,...,2A:-2. 



(42) 



Proposition 3. Lei ^ he a G invariant Kdhler metric on 'Hi^fc(S'^), determined as in ill]) 
by the function A{fi) and the constant B. Then, the scalar curvature o/ (?^i^fc(S'^), 7) for 
k>2 is 



+ 2( 



4{k + l) + C{fi) ^4ik + l)-C{fi) 



2B + A{n) 



2B - A{ii) 



(43) 



Proof: The scalar curvature of a G invariant Kaliler metric 7, determined as in witli 
respect to tlie orthonormal basis ()42p is 



4 2fe-2 

Kill) =p,{X,X)+Y,p,{X,,X.,) + [p^{X,,X,) + p^{X,,X,% 

i=0 i=l 
2fc-2 2fe--2 



Using ([THD in 



(44) 



we get 



^(^) = 2^ + 4^ + 2(fc-l) 



C3 ^ C4 



(45) 



Using the relations between the functions Ai{p) and Ci{p) with ^(/i) and C(/u) respectively, 
as in (|12|) . we obtain that the scalar curvature of a G invariant Kahler metric 7 on Hi^kiS"^) 
has the formula (|43p . 

□ 



5 Einstein-Hilbert Action of 7/i,fc(S'^) 

The Einstein-Hilbert action of a Riemannian manifold (M, g) is defined by the integral 
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H{M,g) = / KV0I3, 
hi 



(46) 



where k and vol^ are the scalar curvature and the volume form respectively with respect to 
the Riemannian metric g on M. 

Theorem 1. The Einstein- Hilbert action of T-li i^{S^) with respect to the metric 7^2 is 



{2k)\ 



yk>2. 



(47) 



Proof: The Einstein-Hilbert action of ^i^fc(5^) with respect to any G invariant Kahler 
metric 7 is 



H{ni,k{s'),i) = / Kill) y(/i) d/x Avoic/i^, 

l-OO 

= Yo\{G/K) / K{^i)V{ii)dii, 



The scalar curvature of (?^i^fc(«S'^), 7), given in ()43p . can be written as 



(48) 



= -TjiT-^ [^CA'{^,) + AC'{^,)] +{k-l) (b' - ^) ' [4{k + 1)B - AC] , (49) 



AA'if,) 
and then, by p^ . we have 



4 J 



Kif,)Vif,) = —[2ACA'if,)+A'C'it,)] (b 
(k-l) 



Since 



4 J 



+ ^-^A'A'{f,) [A{k + l)B-AC] (s'-^y \ 



B' 



A' 



2\ 



dfj. 



(^2 C) - ^^-^ C^3^'(;U) ( i^^ 



4 



+ 



4(^^-l)^.2V.,. /o2 ^^A'-' 



V2 -^^^'(^n^-Tj 



(50) 



Then, 



B' 



2 \ fc-1 



i\ / /l2\fc-2 

^ aU.A d2 ^ \ 



2 -^n^)[B'-T) 



(51) 
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2 d 
V2 d^i 



4 J 



k—l-\ / /1 9 \ k—2 

-2V2{k''-l)BA' A'{,i) (b'^ ' 



4; ■<'^^) 



Hence, the Einstein-Hilbert Action H{'Hi^k{S'^),'y) is 



C B 



A' 



2\ fc-1- 



1 

Ml) V 



2 \ k-2 



A{1) 

For the metric on Hi^k{S'^), the following limits follow from (fT3 



and so, 



lim 



lim A]^2 (/i) = 0, 
lim (7^2 (/i) = 0, 

/I— 5-1 



^2 \ fc-1 
-4^2 Cl,2 BI2 



lim ^i2(^) =25^2, 
lim Ci2(/i) =4(fc + l), 



lim 



^^2 

-4^2 Ci2 ( BI2 



2 \ fc-ln 



Thus, the Einstein-Hilbert Action with respect to the metric 7^2 on 'Hi^k{S'^) is 



(54) 



0. (55) 



H{'HiMS^),^L^) = 2V2 (k^ - l)i?2fe-3 Vol(G/ir) 



A^2(oo) 



^l2{1) 



ABl2 



k-2 



(56) 



To compute the integral above, let t = A12 jlBip. , then 

^(^i,fc(5'),7L2) = 24^2 (fc2 - \)Bf2 \o\{G/K) C (1 - t'f-^ dt. (57) 
The integral in (I57p is finite for all /c > 2. In fact 

/ V.>2. (58) 

The volume of G/if can be extracted from the formula of Vol(?^i^fc(«S'^), 7) in ()17p . that is, 

,2fc+l 



V0l(G/K) : 

Substituting ([58]) and ([MD in ([STD, we get 



1 Tl' 



,/2{k-i)\ ki- 



rn 
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H{n,,u{S\^L^) = (60) 

□ 

By taking the holomorphic sectional curvatures ci = C2 = 4, then the constant B]^2 = it/2, 
and so the Einstein-Hilbert action of 'Hi^k{S'^) with respect to the metric is 

i^(Hi,.(g^),7L^) = ''"''^^|^' + '\ (61) 
which confirms Baptista's conjectured formula (jH). 
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Appendix 



The orthogonal complement p of the Lie algebra tin g decomposes into the Ad{K) invariant 
subspaces [8] 



where 



P = po e p;. e e p © p 



po = { (Adiag(f, -i, 0, . . . , 0, diag(-i, i)) : A G M} = R, 

/ X ...\ 

-X ... 



Pm 







V ■■ ■■ 

/O -fiy ...\ 



V : '■■ 

/O 


U ■■ 





fix 
-fix 



-y 
V 



X £ 



:yeC\^C, 



J 



-u' 



: u G C'^ 



fc— 1 I /r<fc— 1 



(62) 
(63) 
(64) 



(65) 



(66) 



(67) 
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The almost complex structure J acts on p as 

d 

J : (A, X, y, u, v) I—)- — h (0, ix, iy, iu, iv). (68) 

An orthonormal basis for p with respect to the inner product (, )p, defined by ([8j), is given 
as follows 





Yo 


1 

= (-E'li — -E'22, — eii + 622), 
















Yi 


= (£^12 — -E21, 0), 


I2 


= ^(^12+^21,0), 














= (0, -ei2 + 621), 


n 


= i(0,ei2 + 621), 










Y2 


i-l 


= + Ei^2,l, 0), 




= i{Ei^i+2 + Ei+2,i 


0), 


i = l,.. 




1 


Y2 


i-1 


= { — E2,i+2 + -E'j+2,2, 0), 


1^2i 


= 'i'{E2,i+2 + -£"4+2,2 


0), 


i = l,.. 




1 



where E^is and e^/? denote (A; + 1) x (A; + 1) and 2x2 matrices respectively whose element 
(a, /3) is 1, and the others being zero. 
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